SOLUTIONS OF AN ELLIPTIC SYSTEM WITH A NEARLY 

CRITICAL EXPONENT 



LA. GUERRA 



Abstract. Consider the problem 

— Au e = v e > in f2, 

— Av e = uf u e > in fi, 

u c = v e = on dQ,, 

where f2 is a bounded convex domain in M. N , N > 2, with smooth boundary dCl. 
Here p, g e > 0, and 

v v <»-». 



P + 1 g e + 1 

This problem has positive solutions for e > (with pq e > 1) and no non-trivial 
solution for e < 0. We study the asymptotic behaviour of least energy solutions as 
e — > + . These solutions are shown to blow-up at exactly one point, and the location 
of this point is characterized. In addition, the shape and exact rates for blowing up 
are given. 

Resume. Considere le probleme 

-Au e = uf v e > en Q, 

— Av t = uj' u t > en f2, 

u e = v e = sur <9f2, 

ou £1 est un domaine convexe et borne de K , N > 2, avec la frontiere reguliere 
90. Ici p, q t > 0, et 

P+l qc + l 1 ^ 
Ce probleme a les solutions positives pour e > (avec pq e > 1) et non pas de solution 
non-trivial pour e < 0. Nous etudions le comportement asymptotique de solutions 
d'energie minimale quand e — > + . Ces solutions explosent en un seul point, et la 
localisation de ce point est characterise. De plus, la forme et le rythme d'explosion 
sont donnes. 



1. Introduction 
We consider the elliptic system 

-Au e = v p e v e >0 in tt, (1.1) 
-Av e = uf u e >0 in Q, (1.2) 
u t = v e = on dfl, (1.3) 
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2 LA. GUERRA 

where Q is a bounded convex domain in Mr, N > 2, with smooth boundary dQ. Here 
p, q t > 0, and 

N N 

e:= + iV-2. (1.4) 

p + 1 q e + 1 1 1 K 1 

When e < 0, there is no solution for ()l.lj) - (jl.3|) . see JHI and [221- On the other 
hand when e > 0, we can prove existence of solutions obtained by the variational 
method. In fact, for e > 0, the embedding W 2 ~ (Q) L qe+1 (Q) is compact for any 
q e + 1 > (p + l)/p, that is pq e > 1. Using this, it is not difficult to show that there 
exists a function u e positive solution of the variational problem 

S e {Q) =inf |l|Au|| r i!±i (n) I u G W 2 ^{Q), \\u\\ Lqt+ i {u) = lj , (1.5) 

see for example |2SJ- This solution satisfies — Au e = v%, —Av e = S e (Q)uf, in Q 
and u e = v e = on dQ. After a suitable multiples of u e and v e , we obtain u e and v e 
solving (jl.lj) - (jl.3|) . We call (u e ,v e ) the least energy solution to (jl.lj) - (jl.3|) . For others 
existence results, we refer to jl], jjj, 0, [THj, and [TH]. 

Note that by setting v e = (—Au^ 1 ^, we can write the system (|l.lj) - (|1.3j) only in 
terms of u e , that is 

- A(-Au e ) 1/p = u e > in n (1.6) 

u e = Au e = on dQ. (1.7) 

Concerning the least energy solutions, in j2H| it was proved that S e (Q) — > S as 
e | 0, where 5" is independent of Q and moreover is the best Sobolev constant for the 
inequality 

— P 

IpIU«+ 1 (k jv ) < S p +1 \\Au\\ £±i /nM ^ (1.8) 



with p, q, N satisfying 

N N 

— T + — --(N-2) = 0. (1.9) 
p+1 q + 1 

This shows that the sequence {u e } e> o of least energy solutions of (jl.6j) - (jl.7j) satisfy 

r i a i2±i t 
/ \ p clx 

Se(Q) = Jn P t = 5 + o(l) as e^0. (1.10) 

llv; II p 

Relation (jl.9|) defines a curve in M^_, for the variables p and q. This curve is the 
so-called Sobolev Critical Hyperbola. By symmetry, we assume without restriction 
that 

2/(N - 2) < p < p* := (N + 2)/{N - 2). (1.11) 

For each fixed value of p, the strict inequality gives a lower bound for the dimension, 
i.e. N > max{2, 2(p + l)/p}. 

In this article, we shall study in detail the asymptotic behaviour of the variational 
solution u t , of (|1.6J) - (J1.7J) as e j 0, that is, as q e approaches from below to q given by 
the Sobolev Critical Hyperbola (jl.9j) . 
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The asymptotic behaviour of the equation (jl.fi }) - (J1.7j) as e | has already been 
studied for p = p* and p = 1. Next we recall some of these results to introduce ours. 
The case p = p* is equivalent to consider the single equation 

— Au e = u P ~ e in Q, and u e = on dQ. 

This problem was studied in [TJ [TUl EH EH]- There, exact rates of blow-up were 
given and the location of blow-up points were characterized. One key ingredient was 
the Pohozaev identity and the observation that the solution u e , scaled in the form 
H'Uell^L^'Ue converges to U solution of 

- AU — U p \ U(y)>0 for y G M. N (1.12) 
U(0) = 1, U^O, as \y\^oo, (1.13) 

which is unique, explicit, and radially symmetric. For the location of blow-up and 
the shape of the solution away of the singularity, it was proved that a scaled u e , given 
by || M e||L°°(n)^e, converges to the Green's function G, solution of — AG(x, ■) = 5 X in 
Q, G(x, ■) = on dQ. The location of blowing-up points are the critical points of 
<f)(x) := g(x,x) (in fact their minima, see [10J ) , where g(x,y) is the regular part of 
G(x,y), i.e 

g(x,y) = G(x,y) 



(N-2)a N \x-y\ 



N-2 ' 



In jH], a similar result was proven in the case p = 1, (JV > 4), where the problem is 
reduced to study (|1.12j) - (jl.l3|) with the operator A 2 instead of — A. Both cases give 
the blow-up rate 

^ II ^ e II L°° (Q) — ^ ^ ^ — ^ ^' 

for some explicit C := C(p,N,Q) > 0. We can ask ourselves if this behaviour is 
universal. We will see later that this is only a coincide. 

Mimicking the above argument, we will study the asymptotic behaviour of the 
solution u e of (|1.6|) - (|1.7|) as e { 0. We shall show that Hi^HT^i^u,; converges, as e [ 0, 
to the solution U of the problem 

-AU = V p , V(y) > for y eR N (1.14) 
-AV = U q , U(y) > for y eR N (1.15) 
17(0) = 1, U^O, V^O as \y\^oo. (1.16) 

In jS], it was proved that U and V are radially symmetric, if p > 1 and U G L q+1 (M. N ) 
and V G L p+1 (M Ar ). This is the case when considering least energy solutions, see 
details in section EJ Thus U(r) := U(y) and V(r) := V(y) with r = moreover 
U and K are unique, and decreasing in r, see jl6[ 12^] . There exist no explicit form 
of (£/, V) for all p > 1, however to carry out the analysis it is sufficient to know the 
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asymptotic behaviour of (U, V) as r — > oo, which was studied in [IB]. They found 

lim r N ~ 2 U{r) = b if p > 
lim : r JV -V(r) = a and ^ Km ^U(r) = 6 if p = ^ (1.17) 



lim r f(^-2)-2 f/ ( r ) = 6 if 2 < p < _/V _ 

r— >oo 

The aim of this paper is to show the following results. 

Theorem 1.1. Let u e be a least energy solution of (jl.6|) - ()1.7|) and p > 1. T/ien 
aj t/iere exists Xq G sitc/i i/iai, after passing to a subsequence, we have 

i) u e ->0eC 1 ((l\{i|)}) 1 ii) f e = |Au e |p -^0 e C 1 (fi \ {x }) 
as e — ► and 

hi) |Au e |~ — >■ IMIipliflHuvAo as e^O 



m i/ie sense of distributions, 
b) xq is a critical point of 

(f)(x) := g(x,x) if pe[N/(N-2),(N + 2)/(N-2)) and (1.18) 

4>{x) := g{x,x) if pe(2/(N-2),N/(N-2)) (1.19) 

for x G Q. The function g(x,y) is defined for p G (2/(N — 2), N/(N — 2)) fry 

s(x, y) = G(x, y) - ^ N _ 2) _ 2)(Ar _ _ 2))(Ar _ _ y | P (jv_ 2 )-2 

where —AG(x, •) = G p (x, •) m fi, G(x, •) = on i?0. 

We observe that regularity of is needed to compute its critical points in b). We 
show next that is regular. By definition of G, we have 

\im\x-y\^ N -^Ag(x,y) = - pg ^ x \ (1.20) 

for x G a Thus -A<?(x, •) G L 9 (ft) for any g G (JV/2, N/(p(N -2) - N + 2)). This 
implies, by regularity, that g(x, ■) G L°°(f2) and therefore 4>{x) = g(x,x), x G Q is 
bounded. In addition, we define 

v pg(x,x)\x-y\ N -^ N -V 

y; gyx, y) + (]y _ ^ _ 2))(2jV _ ^ _ ^ _ 2)((jy _ U-^J 

and we have for any x G f2 that 

lim |x - yl^^A^x, y) = _ P(P- 1 )9(*,z) (L22) 
y-** 1 y| yv ' y; ((N - 2)(T N ) p - 2 

Thus g{x,y) is regular in ?/ for x fixed. Since iV > p(N — 2), we take first y = x 
in fll.21|) and then the gradient and we find V x g(x,x) = V x g(x,x). Hence <fi(x) is 
regular. 
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To state the next theorems we denote 

N 



a 



and (3 



N 



q + 1 p+ I 

so the critical hyperbola (jl.9|) takes the form a + j3 = N — 2. 

Theorem 1.2. Let the assumptions of Theorem \l.l\ be satisfied. Then 

U(x )\ if p> v 



I £9 



\ime\\u e \\ L ^ {n) = S^\\U\\ q T 
iim e 



I II LP 



L°°(n) 



+0 + lo g(ll u f IIl°°(0)) 

p(Af-2)-2 

lim + e|H| ioo( ^ 



a II "Li 



N-2 
N 



S'i^+i) \\u 



|9(P+1) 



<x )| i/ p- 

»/ p< N 



N-2' 



In particular taking p = p*, and using ()1.9|) we find that q = p*. We recover the 
results in [1311201, that is 

(1.23) 



C as e 



0. 



e |p e ||£tx>(Q) 

for some explicitly given C > 0. See also pQ for the case Q = Br. 

When iV > 4, we can take p=l, and use (fTTTT]) to find that q = (N + 4)/(iV - 4). 
Here we recover the result in OE], where they prove that (|1.23|) holds for some C > 0. 



Theorem 1.3. Let the assumptions of Theorem \l.l\ be satisfied. Then 

]im||ti e || L ac(n)t> e (a;) = \\U\\ q Lq{RN) G(x,x ), and 

p 

sG(x,xq) if p> x 



e->0 

lim||u e ||^ (n) <u e (x) 



lim 



WW* 

I " II LP 



N-2 



-U, 



+ l0 § 

lim WUeWl^^'^Ueix 



1 N 

(x) = -a"-2G(x,x ) if p 



N 
N-2 



(1.24) 



;i.25) 



/ R ,v\G(:t, xq) i/ p < Ar _r 



where all the convergences in C 1,a (w) with w any neighborhood of dQ not containing 

Xq. 



N 



Remark 1.4. For p < A , 

See the proof of the theorem. 



the convergence in (ll.25j) can be improved to C 



3,ai 



0J 



Remark 1.5. By (J2.13)) . we find that lim ||t> e | |i°°(n) 
addition, when p = 1 we have that 



V(Q) lim ||« e ||£oo(n)- So, in 



e\\v f 



,2(N-4)/N 



\2(N-4)/N 



as e 



0. 



We can extend these results to the problem 

- A(-Au e ) 1/p = u q e + eu e u e >0 in tt 
u f = Au f = on dQ 



;i.26) 
;i.27) 



with e — > 0. The existence of positive solutions for this problem can be found in 
and [19] in the case of a ball. See [T3j for related results for p = 1. 
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Theorem 1.6. Let the assumptions of Theorem \l.l\ be satisfied. Then 

2—- N 
Urn elKH^ = ll^ll^^jllf/ll^^ll^ll^^l^o)! if 



and a > 1, N > 4 (1.28) 



,2- 



2 



^ e io g (M^)) = ^^ll^ll^V)!!^!!^)!^^! * p = w^2 

and 2-- = 3- — 2 > 0, 1.29 

2 2+iv-p(iv-2) ^ _ jy _|_ 4 jy 

Urn e||u £ || Loo(n) a =11^11^(^)11^111^)10(^)1 »/ 2 (iV - 2) < P < iV^2 

2 + JV - p(N - 2) 
and a > ^ - (1.30) 



e limelog(|| Me |Ucc (n) )= "^'^ j |0(x o )| iV = 4,p = g = 3, (1.31) 



£m elog(K|| L oc( n ))||u e || L L (n ) = ^ \<j>(xo)\ if p = _ ^ < — -, 

and g < 3 (1.32) 

Note that iV > 4 (integer) is equivalent to 3 - (N/(N - 2)) 2 > and also to 
(N + 4)/(2(iV - 2)) < iV/(iV - 2). This implies that holds for p = iV/(iV - 2) 

and iV > 4, and (OSj) holds for p = j^j, g < 3 and iV > 4. 

For example, p = 1 gives q + 1 = 2iV/ (iV — 4) and provided that N > 8, we get 

2(iV-8) 

Km e||« e H^n) = c i\ ( P( x o)\- 
For N = 8 and p = 1, we have 

lim elogdluelli/x^n)) = Ci|^(x )|. 

2. Preliminaries 

Before proving the main theorem, we need some properties of u e . Using that u e is 
a minimizing sequence, we have 

J (Au t )~ dx = J v e Au e dx = J u e Av e dx = J uf +1 dx. 



p+i 

Then [S , + o(l)]||« e || £ * +1(n) = ||« e ||K+i ( n) implies 



lim / uf +1 dx = S^+v. (2.1) 



SOLUTIONS OF AN ELLIPTIC SYSTEM WITH A NEARLY CRITICAL EXPONENT 7 

Lemma 2.1. The minimizing sequence u t of (jl.K)j) is such that 

||« e |U°°(n) — » co 
moreover || (— A.tt e ) 1 ' p 1 1 x,°° (fi) = II^Hl 00 ^) — >• co as e — > 0. 

Proof. If ||^e ||z,°°(q) — > c» then by regularity, we find ||i> e ||.£,a°(n) — ► co, see [121 Theorem 
3.7]. Now, assume that ||M e ||z,°°(n) < M and ||u e ||i,«>(j2) < M, by elliptic regularity, we 
have that 

ll v e||oa+«»(fl) < M and ||« e ||ca+«>(fi) < M 

with a G (0, 1) and some constant M. This implies that there exists u*,v* G C 2 (Cl), 
such that 

u e — ► u* in C 2 (f2), f e — > v* in C 2 (fi) as e^O. 
Hence u* satifies 



/ J (Au*)^ dx = S J{u*) q+1 dx 



(p+i) 



which contradicts that S can be achieved by a minimizer in a bounded domain, see 
|23| . In other words there exists no non trivial solution for 

-Au* = {v*) p , v>0 in Q, (2.2) 

-Av* = (u*) q , u>0 in fi (2.3) 

u* = v* = on <9ft (2.4) 

in a convex bounded domain, with p, q satisfying (jl.9j) . see [H],[22]- D 

For any e > 0, let (u £ ,f e ) be a solution of (jl.lH1.3j) . By the Pohozaev inequality, 
see [TH] or [22], we have for any 5, f3 G R that 

A 5 1 / +1 dx + f - /3 j [v P+1 dx (2.5) 



n n 
+(iV - 2 - 5 - P) J {Vu € , Vv e ) dx = - J (Vu e , n) (V« e , x - y) ds. (2.6) 

We choose a + (3 = N — 2, 5 = a and so (3 — (3. This implies that 

eju^dx = -j d ^(n,x-y)ds. (2.7) 

Since w e becomes unbounded as e — > we choose // = /i(e) and x t 6 fi such that 

H at u e (x e ) = 1 

where a e = iV/ (g e + 1). Note that \x — > as e — > 0. 

First we claim that x e stays away from the boundary. This is consequence of 
moving plane method and interior estimates jHj, [H]. Let <f>\ the positive eigenvalue 
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of (— A, Hi (0)), normalized to max0i(x) = 1. Since p > 1, multiplying by <pi we 
obtain 

X x J u e <j>i = J <0! > 2A a y ^ - C 
an n 

A., 



J Mi = J < e 0i > 2Ax y Ue 0! - C J • 



for some C = C(p,q,Xi) > 0. Hence J u e (f>i < (C/Ai) / </>i which implies J" n , u e < 

n n 

C(O') with Q' G Q and J n , v e < C(Q'). Using the moving planes method [TT], we find 
that there exist t^a > such that 

u e (x — tv) and v e (x — tz/) are nondecreasing for t G [0,to] ; 

v G IR^ with \v\ = 1, and (z/, n(x)) > a and x G <9f2. Therefore we can find 7, 5 such 
that for any x E {z £ Q: d(z,dQ) < 5} = Q$ there exists a measurable set T x with 
(i) meas(r x ) > 7, (ii) T x C fi\f2,5/ 2 , and (iii) u e (y) > u e (x) and v e (y) > v e (x) for any 
y eT x . Then for any a; £ fij, we have 

u e (x) < / u e (y)dy < - [ u e < C(Q S ), and 

meas(T x ) J 7i 

v e (x) < 1 -— [ v e (y)dy < - [v e < C(Q 5 ). 

meas(T x ) J 7 J 

n s 

Hence if u € (x e ) — > 00, this implies that x e will stay out of Q$ a neighbordhood of the 
boundary. This proves the claim. 

Let G fl We define a family of rescaled functions 

u e M = ^u e (^ 2 y + x e ) (2.8) 

v e M = ^v e (^ 2 y + x e ) (2.9) 

and find using the definitions of e, a e and (3, that 

-Av^ = uty +2 - e -^=u q ^ in a (2.11) 
= v e ^ = on <9f2 e . (2-12) 

By equicontinuity and using Arzela-Ascoli, we have that 

u e ,[i ~~ > U and v e ^ -^-V as e — > 0. (2-13) 

in C 2 (iT) for any if compact in R N , where (/7, V) satisfies (ll~T3J) - (fl~Tfij) . Now ex- 
tending m £)M and f e At by zero outside Q e and using (|2.1|) . by the argument in [2T] or 



p+i 



we have that — > U strongly (up to a subsequence) in W ' p (Mr). In the 
limit U G L q+1 (R N ) and V := (-AU)p G L p+1 (R n ), and they satisfy ffTTTO fTTTTT^l. 
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Since p > 1, the solution (U, V) is unique and radially symmetric, see In addition 
the radial solutions are unique [El 123], so U = U and V = V, consequently 



u e , M -l7]* +1 (j/)dy-0 



Vr +1 (y)dy-+0. 



(2.14) 



Lemma 2.2. There exists 5 > such that 

S < H e < 1. 

Proof. Since /i — > 0, we have // < 1. By (j2.14|) . we get J wf'^ 1 dx > M, but 



M < I uf+ l dx = fi eN/2 I uf +1 {y) dy < ^ N ' 2 J uf +1 {y) dy (2.15) 

h 



Bi \y-x t \<^ €/2 
Using the convergence (j2.1j) . we obtain the result. □ 

Lemma 2.3. There exists K > such that the solution {u t ^,v e ^) satisfies 

u eill {y)<KU{y) v e>li (y)<KV{y) VyeR N . (2.16) 

We prove this lemma in section 12.31 

Lemma 2.4. There exists a constant C > such that 

1 for p> N/(N - 2) 

e < Cfi N - 2 h(fi) with h(n) = I | log(/i)| /or p = iV/(iV - 2) (2.17) 



(p(N~2)-N) for p<N /( N _ 2 ). 



Proof. We will establish the following 

du f dv, 



dn dn 



(n, x) dx < Cfi h(fi) 



and from here the result follows applying (j2.7J) . We claim that 



du f 



dn 



dn 



In the following M is a positive constant that can vary from line to line and we shall 
use systematically Lemma [2.21 

For p > N/(N — 2), using that —pf3 + N = (3, we have 

v p e {x) dx < Mfx- pl3+N{1 ~ e/2) [ V p (y) dy < My? 



and by (J2.16|) there exists M > such that 

J3+p(N-2)-N-p(N-2)e/2 



v p x) < M 



fir 



|x-£ | p(7V ~ 2) 



(2.18) 
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for x ^ x Q . Using that (3 < (3 + p(N — 2) — N, by Lemma lo~Tl we find | < CyP. 
For u e , using that — q t a t + N = a e , 

J u* dx < M fx- q ^ +N{1 - e/2) J U q {y) dy < M/i Qe 
and by f)2. there exist M > such 

- q<! a e +q e (N-2)-q e (N-2)e/2 

uf(x) < M— . (2.19) 

e w _ \x- x \ q ^ N -^ 

for x 7^ xq. Using that a e < a e — N+q e (N — 2), by LemmaEHl we obtain | < Cfx ac . 
For p < N/(N - 2), we have 



Jv>dx< MlM -PfW-M-</*> linr J V*{y)dy (2.20) 

< M/U /3+( P (^V-2)-7V) (2>21) 



B i (x 8 ) 



and for x ^ Xo, we find (j2.18|) for v e and for u e we have 

y uf < Mfx~ q ^ +N ^- € ^ J U q {y) dy < 

and by (j2.16|) there exist M > such that 

-q e a,+q e (p(N-2)-2)~q e (p(N-2)-2)e/2 

uf(x) < M— , , . (N 9 . 9 , (2.22) 

for x ^ xq. From these estimates we prove the claim applying Lemma f5. II and noting 
that a t < a t — N + q e {p{N - 2) - 2) + (p + l)e/a £ .. For the case p = N/(N - 2), we 
proceed as before noting that 

I v\ dx < m^ +n{ - 1 -^ I log(u) I lim - ^— / V p (x/) < Ml log(u) 1/ 
J /x— o | log(/x) | y 

n b i (x e ) 

and for x ^ xo we have (|2.18|1 . Similarly to (|2.22p . we obtain that for x ^ xo, there 
exist M > such that 

~q e a. +q e {N-2)-q e (N-2)e/2 

uf{x)<M^ . r-j^- logdx-xol/i- 1 ^ 2 )^. (2.23) 

\X — Xq \ ^ e ^ > 

Using this and proceeding and before we prove the claim and the lemma follows. □ 
Lemma 2.5. 

|//-1| =0(/i Af - 2 /i(/i)log/x) 

Proof. By the theorem of the mean \fi e — 1| = |/x se elog/i| for some s G (0,1) and 
therefore (J2.17|) gives the result. □ 
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3. Proof of Theorem 11.21 and 11.31 

N 
AT-2" 



Proof of Theorem } l.'A We start by proving the case p > -Jzz- We have 



- A (lkil.£°=(n)0 = lk||£oo (n) ^ in n, (3.1) 
-A{\\u e \\ L oo(tyV e ) = \\u e \\ L oo( n )U q e e in Q, (3.2) 
u e = v e — on <9f2. (3.3) 

We integrate the right hand side of ()3.1|) 

But AT — (p+ 1)/? = 0, so using ()2.16|) by dominated convergence and Lemma 12*31 we 

get 

lim J IkHj^n)^ dx = J V p (y) dy = \\V\\ Lp(r n) < oo. 

Similarly, now using 

J \\u e \\ L ^ )U f dx = ^ +1 ^ +N+m ' 2 J uf^dx^ WUWu^Koo (3.4) 

as e — > 0. Also using the bound (|2.16|) . we find 

I Mfi -(p+l)(3+p(N-2)-p(N-2)e/2 
\\ U e\\L°°(n) V e{ X ) - u _ ^TRiV=2) 

for x 7^ Xo and some M > 0. But — (p + 1)(3 + p(A/" — 2) > and Lemma 12.21 then 
H'Uellioo/m'i'e (x) — > for s 7^ xo- Also we have 

j^„-(g e +l)a e + 9e (iV-2)- ?e (jV-2)e/2 

K||z-(n)t**0«0 < |g _ • 

for x Xq and some M > 0. But —(q e + l)a e + ^(AT — 2) > and Lemma [2.21 then 
\\u e \\L°°(n)Uf(x) -> for x 7^ x . 
From here we have 

-Adlttell^^jUe) -> ||^||P p(]RjV) (5 x=a;o and - A(\\u e \\ L ~ m v e ) -> ||[/||^ (]RjV) <5 x=X0 



in the sense of distributions in f2, as e — ► 0. Let u be any neighborhood of dfl not 
containing xq. By regularity theory, see Lemma f5. 11 we find 

i. I 

Ue\\?oor™vP\\ L l ( n\ + II Ik 11 ' 



I Ikll^oo^wJc-i,^) < c 

and a similar bound for ||||w e ||L°°(n)V e ||ci,a(y). Consequently 

IX,°o(fi)«e — ' || f \\ L p 



ll/^Q^elU 1 ^) + \\\\ U e\\ L ^{0) V e ||l°°(iu) 



u e|| £» rm tt e ->• llV'll^p^G in C ha (w) as e -> 0. (3.5) 
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and 

\\u e \\L-(Q)Ve ^ \\U\\ Q Lq{RN) G in C^iw) as e -> 0. (3.6) 
For the case p < iV/ (iV — 2), we proceed as before and we have (|3.4j) and the bound 

M -(q e +l)a e +q e (p(N-2)-2)-q e (p(N-2)-2)e/2 
||w e |U- (n) U*(x) < | x _ Xo | 9g ( p(j V-2)-2) • 

for x ^xq and some M > 0. Using that —(q e + l)a e + q(p(N - 2) - 2) = 2(p + 1) > 

L°° (fi) e 

L9(R^) V 



and Lemma I2~21 we get ||w e |||w™ttf e (:E) — > for x ^ x and hence 

\\ue\\L°°(n)Ve -> \\U\\ q Lq(RN) G in C 1,Q (w) as e^O. (3.7) 



Now we claim that 

Klll^" 50 "^-!!^^) 6 in cl,a H as e ^°- ( 3 - 8 ) 

We have 

*-»Vll u e|lL°°(n) ~~ 1 1 1 1 (f2) ~~ 1 1 1 1 (O) U e ■ 

Since the last term converges to (||f^||^«j( R iV)G') p in C l,a {uj) as e — > and p > 1, we 
have 

ll«e|||i^) M_iV) We ^ ||C/||f ?r -G in C 3 '«M as e^O. 



For the remaining case p = N/ (N — 2), we have as e — > 0, the convergence 

^lli(n) VA ^+^+^ f 1 » N 
— — -v p e dx = n — -— | / % dy — > — hm V(r) N - 2 r — 



log(||w e ||i«,(n))| 6 a e |log(/i)| J e ' M ar-» a 



and the pointwise bound for x ^ x 



\uA\?^ MfM -p(N-2)e/2 



log(|M^)| " -log(/i)|x-x |^- 2 )- 



I a 
M e || r ,oo < 



By Lemma [2~2l — - L °° ( "' t;f(x) — > for x ^ x . Writing 

|i°g(IKH«)| 

_A ( UMlg u I = IHjjg ^ 

\|iog(W-)l V IMKII*)! " 

we observe that the last term converges to 5 a . =:ro . By Lemma EHJ we have 



|li e |k» in C l,a (w) ag £ ~ 



|log(||« e ||f)| a 
and clearly we have (|3.6j) using (J2.23|) . This completes the proof of the theorem. □ 
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Proof of Theorem M . $A For p > N/ (N — 2) we have 

if +1 dx = j (\\u e \\z X (tyVu e ,n)(\\u e \\L°°{n)Vv e , n)(n,x - y)ds 



N-2 

e ktJ <* I ut 



a an 
By dSnj and (EH)j) . 



lim e||ii e || ^ 2 / uf +1 dx = \\V\\ P LP(RN) \\U\\ q Lq(uN) / ^ ^ ^' ^ ^1 ~ ( n > x ~ x o) 



dG(x, xq) dG(x, xq) 



n an 
Also for the case p < iV/ (iV — 2), using 

^ ll^e II L°°(Q) ^ 

(llMell^n^ 2) iV) Vu e ,n)(||M £ ||z /0 o(^)V^,^)(^, a; -y)ds 



and (|H.8j) and (|H.7jl . we get 

i(p(7V-2)-2) 



lime||w e || j gof ( ^ ) / u q J +1 dx 



m q{p+i) f dG(x,x )dG(x,x ) 



9f) 

The case p = N/ (N — 2) is analogous. 

The proof of the theorems follows from the next lemma. □ 

Lemma 3.1. We have the following identities 

i) J ggfegOggfegO ^,- Xa)ds = - {N - 2)gM 

an 

and 

. f dG(x,x ) dG(x,x ) N 

XX) / (n, , x - x ) ds = —g{x ,x ) 

J on on q + 1 

an 

Proof, i) was proven in [Hj, see also ^3]- To prove ii) we follow a similar procedure. 
From JE1I22|j for any y G ~R N , we have the following identity 



J Au(x - y, V«) + Av(x - y, Vm) - (N - 2)(Vu, Vv)ds = 
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where Q' = Q \ B r with r > 0. For a system —Av = and — Au = v p , in Q', the 
identity takes the form 

/ ^^v p+1 - av p+1 dx = [ —^—v p+1 (x - y, n) ds 
J P+l J P+l K ' 

Q' 8Q' 

/du dv — 

— [(x - y, Vu) + av] + [(x - y, Vu) + bu] - (V«, Vu)(x - y, n) (3.9) 



an' 



with a + 6 = N — 2. Let y = 0, choose a = N/(p + 1) and take v = G(x,0) and 
■u = G(x, 0). Using that u = v = on <9f2, and so Vw = (Vu, n)n and Vt> = (Vi>, n)n 
on <9Q„ we obtain 



fdGdG, 

y an an 

an 



-L-GP+i(x,n) + f[(i,VG) + —j-tG] ds 
p+l on p+l 



dG 



N 



+ J ^■[(x,VG) + —G}-(VG,VG)(x : n)ds. 



dB r 



Let k = p(N — 2) and T = <Jn(N — 2). For \x\ = r, we have 

1 1 



VG = 



-\x\~ h x + Vg, VG = \x\~ N x + Wg, 

T p {N-k) 1 1 y ' a N l 1 y ' 



AT 



l)-—^—\x\ 2 - k + (x,V~g)+ A 



(g + l)(fc — 2) '!>(#-*;) 
A -(iV-2))i|a;| 2 ^ + (a;,Vy)+ " 



g + 1' 



(VG,VG) 



p+1 v " " " r 



P + 1 



5 



a iV rP(iV - fc) Tp(A^ - k) 



™> x) \*\-» + <yg,Vg) 



and 



1 _ 1 



— \x\' k - Ag 



(Tat 



p+i p+i 

From here, we check that terms with \x\ 3 ~ N ~ h cancel out others integral tends to 
since the integrand are o(|:r| 1_iV ) and only remain one term of order |a;| 1_JV , giving 

dGdG. . , , 1 f N N 

— — — — ix, n) ds = — hm — - / -gds = -o(0, 0). 

dn dn y ' r^o a N r N ~ l J q + l q + l K ' 

an dB r 



I 



□ 
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Proof of Theorem M.ll a) The part ii) follows from Theorem 15. 1[ 

|||Au e |5||oi.a( u ) < \\uf\\ L i(n) + IK e |U°°M- 
and estimates (JO!, (12221), and lj2T23|) . Part i) follows from 

and estimate (|2.18jl . Finally iii) follows combining ii) with the convergence 



\AuA E ^dx= I v P+1 dx^ \\V\\ p +l, 



as e —>■ 0. This completes part a). 

For part b), note that from (|2.7|) . we have the vectorial equality f (Vu e , Vv £ )nds 

an 

0. In the limit for p > N/ (N — 2), we get 



(VG(x,x ), VG(x,x ))nds = (3.10) 



an 

and similarly for p < N/(N — 2), we obtain 



J (VG(i, x ), VG(x, x ))n ds = (3.11) 



90 

But we have the following result. 
Lemma 3.2. For every xq G Q 



J (VG(x,x ),n)(VG(x,x ),n)nds = -V(f>(x ) (3.12) 



an 

and 



J {VG(x,x ),n){V{AG{x,x )) 1/p ,n)nds = -V4>{x ). (3.13) 

Hence combining (|3.1U|) with (|3.12|) . and (|3.11|) with (|3.13|) . we complete the proof 
of part b) and the theorem is proven. □ 

Proof of the Lemma. Equality (|3.12|) was proved in |3] and [13]. To prove (|3.13j) . by 
()3.9|) we have 

f^-^nds = f [j—G p+1 n + ^\/G+^VG-(VG,VG)n]ds. 
J on on J \p + 1 on on 

an dB r ^ ' 
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Using f n = 0, we get 

dB r 

dGdG , 1 f f 1 „_ fc , A _l A _ „ , 

— — —nds = - . : / < — r q - Aq-r - Aqqr >nds 

+ P^T / {(V^n)V(? + (V(7,n)V^-(V^,V^Mr 7V - 1 ds 

1 r f 1 r iV - fe 1 

— y k V5+ f^, v »} ds - (3 - 14) 

We use the regular g(x, 0) instead of g(x, 0). Thus 

Vg(x,0) = ^9(x,O) + f -0^^\x\ N - k ~\ (3.15) 



Ag(x,0) = A^,0) + ^^|xr- fc - 2 . (3.16) 
But g(x, 0) = #(0, 0) + (V#(0, 0), a;) + o(|x| 2 ) and 



r-^(s,0)nrfs= / r JV -*- 1 ^(0,0)nds+ J r N ~ k (V g (0,0), y)nds + o(r N ' k+1 ) 

8B r dBi 8B 1 

where y = x/r. Clearly the first integral in the r.h.s is zero and the other terms tends 
to zero as r — > 0. Hence 

lim^j- J r N - k - 1 g(x,0)nds = 0. (3.17) 

8B r 

We replace f!3.15|) and ()3.16|) in ()3.14|) . to obtain an identity without g. Using the 
limit (|3.17|) and that g and g are regular, we obtain 

I Tik nds = ssp^ y h v ' 9ia = v * (o - o) = v * (o) - 

an dB r 
where the last equality follows by observation after Theorem ll.il □ 

4. Proof of Lemma EOl 
Let us recall the problem (pHUJl - fETH?!) . 

-Au e ,„ = in n e (4.1) 

-Av e>li = u% in a (4-2) 
u t ,n = v e>fl = on dVt e (4.3) 
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where Q e = {Q- x^/n 1 ^ 2 . Let R > 0. We define a(p) := 2 + N-p{N - 2), and the 
scalar function 

fl if <r(p)<2, 
J(M):=<|log(H/^)| if a(p) = 2, 
[|y| 2 -^) if «7(p)>2. 

Note that a{p) G [0,N) for p G (2/(iV - 2), (AT + 2)/(N - 2)] and a(q) < 0. We 
consider the transformations 

z e(y) = \y\ 2 ~ N v e ,^ f-nsl and ^(j/) = 771 fri2 

in Q*, the image of Q € under x i— > x/|x| 2 . 

The next lemma is equivalent to Lemma I2~!fl using the asymptotic behaviour (J1.17)) . 

Lemma 4.1. Let (w e ,z e ) solving 

-Aj(\y\)w £ = \y\- a{p) z p e in Q* (4.4) 

-Az e = \y\- a{q)+ ^~ q){N ~ 2) [J(\y\)w e } q Hn Q* e (4.5) 

w e = z t = on dtt* e . (4.6) 
Then for any fixed R G (0, R), we have 

||^e|U°o(n«) + < C 

where Qf = f2* fl .Br, and C = C(R) independent of e > provided e is sufficiently 
small. 

Proof. Given R > 0, let w and z be solutions of 

AJ(\y\)wo = in fif and wq = 0, on <9f2* wq = w e on <9I?r, 

and 

Azq = in f2f and z = 0, on <9f2* = on 8Br. 
By the convergence in compact sets of w e and z t , see ()2.13|) . we have \z e \ + |Vz e | + 
|w e | + |Vw e | < C in | ?/ 1 = i? for C independent of e. Therefore by the maximum 
principle, we get 

\Jw \ + \V{Jw )\ + \z \ + \Vz \ <C in flf. 
Define w = u> £ — u>o and 5 = z e — z . We now write 

- &J(\y\)w = a(y)z e in fif (4.7) 
-Az = b(y)J(\y\)w e in fif (4.8) 
» = z = on dfif (4.9) 
where a(y) = lyl"^^ 1 and %) = | ?/ 1 - CT (9)+(?e- 9 ) (JV-2) [ j( j y | ) -i _ Clearly by the 
maximum principle w > and z > 0. 
Let = a(y) and 



Q(y) 



±b(y) for yeB R \B r 
b(y) for £> r 
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where r G (0, R) and M > 1 both independent of e and to be determined later. Then 

b(y)J(\y\)w e = Q(y)J(\y\)w e + f(y) 

where 



f(y) = (Kv)-Q(v))J(\y\)w e 



for y ett e n B r 
(l-l)%) J (MK for yeB R \B r 



It is clear that / G L°°(ftf), in fact H/IU^fi) < (1 - 1/M)r"( 2+Ar ) by using that 
We(y) — Cr a ^~ N for |y| > r, when p < N/(N — 2), and u> e (y) < Cr 2 ~ N for |y| > r 
when p > N/(N — 2). A similar bound is obtained for p = N/(N — 2). Then we 
transform ()4.7J) - (j4.8|) in the system 

-AJw = Pz e in nf 
-Az = QJw e + f in Qf 

We define r/ 2 (2/) = Xw e <2w(y) and 771(3/) = Xz e <2z(y) for ?/ G fif , we find 

—AJw < 2t/iP5 + /i in ftf 
-As < 2n 2 QJw + f 2 in fif 

Where /i = (1 - r)i)Pz e = Xz t <2z Pz e < 2Pz and / 2 = / + (1 - n 2 )QJw t where 
(1 — i] 2 )QJw t < 2QJwq. We write the system in the form 

- AJw < 2r] 1 P\y\^\y\- 1 2 + /i in fif, (4.10) 
-M~ 7 A5 < 2 % Q|i/|-TJtD + / 2 |y|-T r in flf, (4.11) 
i5 = 5 = on dttf. (4.12) 

Let u(y) I— > 2r]2<5|?/| _7 'u(y) and i— > 2r/iP|?/| 7 'u(?/) be the multiplication operators 
P and Q respectively. Note that a multiplication operator C with corresponding 
function c(y) G L s (fif ) is bounded from L Sl (fif) to L S2 (fif) with l/s 2 = 1/si + 1/s. 

Formally we define — L the operator as i— > — |?/| _7 A(|?/| 7 zi(?/)). More precisely, 
in the appendix, we define (—A) -1 and (— L) _1 , which by the Hardy-Littlewood- 
Sobolev inequality are bounded, independently of e, from L mi (Q^) to L m2 (flf) with 
I /nil — 1/^2 + 2/iV. Note that the image of these operators is a function with 
zero-Dirichlet boundary condition, so they are positive. Then we can write 

Jw < (-A)- 1 P(-L)- 1 (Q(J*) + M- 7 / 2 ) + (-A)-Vl 

Denoting by K = (-A)- 1 P(-L)- 1 Q and h = K\y\~^f 2 + (-A)- x /i we have 

(I-K)Jw < h 

The proof is complete finding m large enough such that h G L m (Q^) and (/ — K) is 
invertible from L m (fif) to L m (Qf). 

q + 1 

We can estimate Q{y)\y\~ 1 in L^-^fif), for 7 = 2a(p)/(p + 1) > 0, and note that 
7 = —a(q)/(q + 1) using the Sobolev Hyperbola. Since v £jfl -> V in 



we 
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have 

\j{\v\)w e {y)-V{y/\yfi\y\^" 1 \y\^dy^a as e^O. 



fir 



Therefore for any A, we can take r small such that 

f [Jw e ] {q+1)3 l^(y)\y\-^dy < [ [Jw^ +l \y)\y\^ dy < 



fir 



2C(5) 



and M large such that for all e < eo we have 

J[Q{s)\y\-^dy < C(5) J[Jw e ]^ +1)9 i^\yr^dy 



fi? nr 



[ [Jw t f + ^\y\-^dy<\ (4.13) 
Mi- 1 J 

B R \B r 



where we have used b(y) < C(5)[Jw e ] qe 1 with 5 given by Lemma 
Now we show that K is bounded from L m (f2f ) to L m (D,f). 

\\KJw\\ Lm ( n R) < C 1 \\V(-Ly 1 QJw\\ L r {n R ) 

< Ci|||y| 7 2r7iP|| p+i C 2 \\QJw\\ L s' (q r ) 

< C 1 C 2 \\\y\ 1 2r] 1 P\\ p+i \\\y\" y 2r] 2 Q\\ q +i \\Jw\\ Lm ' ( nR\ 

with i = i + |, so r' > 1 implies m > N/(N - 2). ± = + ± and J = ± + f , 
so condition b) in (j5.1j) implies iV — 2 + iV/m > 2N/(p + 1) and s' > 1 implies 
m > (g + l)/2 so a) in (|5.1|) holds since 7 > and p- = + ^7. Since 

g- 1 p- 1 4 , 

1 = — , we have m = m. 

q+l p+ 1 N 

By 

| fc(y) - U(y/\y\ 2 )\y\ 2 - N r +1 \y\-^dy ^ as e - 0, 
n; 

we deduce that llly^^r 1 !! p+ l = IIM 7p ll ^ < C( e o) with C(e ) > 

and for all e G (0, eo). Since A in ()4.13|) can be arbitrarely small then the norm of K 
is small and so I — K : L m {Vlf) — > L m (f2f ) invertible for m large. We have that 

W\yrf2\\ L ^) < r-T||/ 2 || XO c (n H ) (meafl(nf)) 1 /'« 

is bounded, since / 2 is zero outside and 

HA-VilU-cof) < CiH/all^n?) < ||/i|U=o (n?) (meas(nJ)) 1 / r < C^)(meas(B fl )) 1/r 
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This implies || Jw||L m (n«) < M for every m large, and consequently for every m > 1. 
(Use the wo to get that || jiy e ||£, m (nH) < M). Now we have that 

-Az = b(y)Jw € = \y\- a ^ + ^- q ^ N -^[Jw e ] q \ 

Since a{q) < 0, if we take m large such that mq e > N/2 then 

II^IIl 00 ^ ) — M and therefore H^H^oc^i?) < M (4-14) 

for some M independent of e. We study now each case of J separately We have 

-AJw t = \y\' a(p) z P in n*. (4.15) 

a) In the case J = 1, since a(p) < 2, using (j4.14|) . we have —Aw e G L q (Q) for any 
q G (N/2, N/a(p)). By regularity, we get 

||w e || L <x>(n«) < M. 

b) For J(|y|) = -\og(\y\/R) > \og(R/R), we have 

. _ VJ„_ AJ _ 1 „ . 
—Aw \/w w = — z v m iYr 

J J J\y\ 

or equivalently 

-Aw + ^(y,Vw) + ^(N-2)w = -^z p e in fif. 
J|y| 2 J|y| 2 J|y| 2 

Using (|4.14|) . we can take u = w — M with M = sup sup z P (y)/(N — 2), and we get 

-J|y| 2 Aw + (?/,Vw) + (Af-2)w<0 in fif. 

Since it = — M < on the boundary, it < in £lf '. This gives u> e < M in f2f . 
For the remaining case, p < AT/ (AT — 2) we have 

. . VJ„_ AJ _, 1 „ . - 
—Aw -Vw —w = — —z: m iZf. 



J J j/ 



2 e 



As before, defining u = w — M with M = sup sup z P /[(a(p) — 2) (AT — er(p))] then 

-|y| 2 AM-(2-a(p))(y,Vu)-(2-a(p))(A^- ( T(p))M<0 in fif 
Since u = — M < on the boundary, u < in Qf. This implies w e < M in $7^. 

5. Appendix 



□ 



Let N > 2. Let ft and v be a function in L s '(f2f). Given the Green's function G 
solution of — AG(x, •) = 5 X in f2f , G(x, •) = on <9f2f , we define 



a? 
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and 

(-L)-MO = |er/ G(x,0\x\Mx)dx £ G nf. 
n? 

Note that G is positive, so both operators are positive. We know that (— A) -1 is 
bounded, independently of e, from L 8 ' (£1?) to L r '(fif) with 1/r' = 1/s' - 2/N. Next 
we prove the same result for (— By the weighted Hardy-Littlewood-Sobolev 
inequality 0QH, for G L s '(fif), we have that 

nr 7 (-Ar7ii^(n f ) <2\\\zrJ lx _° {N _ 2 mdx\\ Lr , m < cmrviL^) 

for 1 < s' < r' < oo, with 1/r' = 1/s' - 2/iV and 

a) -j<N(l-l/s')=N-2-N/r' and 6) j<N/r'. (5.1) 
In other words, for any v G L s '(f2f), we have 

IK-^r^lL^) = II Kr^-ArVML'-'a^) 

^ 2 H l^l' 7 / | x _^|iV-2 MM^) ^IIl^(^) 

< C\\v\\ L3/{n?) . (5.2) 



Lemma 5.1. Let u solve 



-Am = / in Q C 
it = on <9fi 

Let u be a neighborhood of dQ. Then 

H M HvK 1 .9(f7) + ||V«||cfO,a( w /) < C(||/|| L 1(Q) + ||/||i<»( w )) 

for q < N/(N — 1), a G (0, 1) and u/ C a; is a strict subdomain of ui. 
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